Abstract. We construct an analogue of Neumann's affiliated algebras for sofic group algebras over arbitrary fields. Consequently, we settle Kaplansky's direct finiteness conjecture for sofic groups. We also show how our result leads to the construction of new topological invariants of finite simplicial complexes.
Introduction
In [5] Gromov proved Gottschalk's conjecture in the case of sofic groups (the name "sofic groups" was coined by Weiss [11] ). We shall review the definitions and basic properties of sofic groups in Section 7, nevertheless, let us note that residually amenable groups are sofic groups as well, and in [2] we constructed sofic groups that are not residually amenable. On the other hand, there seems to be no example yet of a group which is not sofic. Let us observe that Conjecture 2 implies Conjecture 1 for finite fields F . Indeed, any element a of the group algebra F (G) induces a continuous linear map on F G commuting with the right G-action. Simply, a acts as convolution on the left. Then F (G) can be identified with the dense set of elements in F G having only finitely many non-zero values. If ab = 1 on this dense subset then ab must equal to the identity on the whole F G . Therefore b is injective and thus it is a bijective continuous map by our assumption. Consequently, a is the inverse of b, thus ba = 1.
The goal of this paper is to replace the notion of the affiliated algebras of complex group algebras with something similar for group algebras of sofic groups over arbitrary division rings.
Theorem 1 Let G be a countable sofic group and let D be a division ring. Then D(G) can be embedded into an indecomposable, continuous von Neumann-regular ring R(G).
Therefore we extend the result of Ara, O'Meara and Perera to the class of sofic groups. In the complex case C(G) ⊂ U(G) it is known [8] that the extension is flat if G is torsionfree elementary amenable. We will show that our extensions are flat for such groups for any division ring D. Finally we show how to extend the notion of l 2 -Betti numbers of complexes of free C-modules to complexes of free D(G)-modules using the embeddings of our theorem.
Continuous von Neumann regular rings
In this section we give a brief summary of the theory of continuous von Neumann rings, based upon the monograph of Goodearl [3] . Recall that a unital ring R is von Neumann regular if for any x ∈ R there exists y ∈ R such that xyx = x. It is equivalent to say that any finitely generated right ideal of R can be generated by one single idempotent. A ring R is called unit-regular if for any x ∈ R there exists a unit y such that xyx = x. A ring is called directly finite if xy = 1 implies yx = 1 and it is called stably finite if Mat n×n (R) is directly finite for all n ≥ 1. Any unit-regular ring is necessarily stably finite. A lattice L is called a continuous geometry if it is modular, complete, complemented and
for any linearly ordered subset {b α } α∈I ⊂ L. It is called indecomposable if it is not isomorphic to a nontrivial direct product of lattices. A von Neumann regular ring is called continuous or indecomposable continuous if the lattice of its right ideals is a continuous geometry or indecomposable continuous geometry respectively. The continuous von Neumann regular rings are unit-regular, hence they are stably finite as well. Division rings and matrix rings over division rings are the simplest examples of continuous von Neumann regular rings. The first indecomposable continuous von Neumann rings which do not satisfy neither the ascending nor the descending chain condition had already been constructed by John von Neumann [10] . The following proposition summarizes what we need to know about such rings. Proposition 2.1 If R is an indecomposable, continuous, von Neumann regular ring that does not satisfy neither the ascending nor the descending chain condition, then
• R is a simple ring.
• K 0 (R) = R, in fact there exists a non-negative real-valued dimension function dim R on the set of finitely generated projective right modules over R taking all non-negative values such that
• If A, B are finitely generated submodules of a projective module then so is A ∩ B, and
• If a ∈ R then Ann(a) = {x ∈ R : ax = 0} is a principal ideal and dim R (Ann(a)) + dim R (aR) = 1 .
• If A ⊆ B are finitely generated projective modules and dim R (A) = dim R (B) then A = B.
Regular submodules
Let D be a division ring and V = ⊕ ∞ n=1 A n , whereA n is a (right) module of finite rank over D for any n ≥ 1.
The modules L n = L ∩ A n are called the components of L. Proof: Both operations work componentwise:
In fact these formulas show that the lattice of regular submodules is isomorphic to the direct product of the submodule lattices of each A n . Since the factors are complemented modular lattices, so is their product. Definition 3.2 Let L ⊆ V be a regular submodule and let ω be a non-principal ultrafilter on the natural numbers. Then we define
where lim ω is the associated ultralimit on the space of bounded real sequences.
Proof: In each component we find that
This proves the proposition.
The following proposition is easy to prove and we leave it to the reader.
Proposition 3.3
1. The relation ≃ is an equivalence relation.
If
Definition 3.4 By the previous proposition the equivalence classes of regular submodules form a lattice L V .
[
where [A] denotes the class of A ⊆ V .
Then rk ω extends to L V such a way that
• rk ω (a) = 0 if and only if a = [0].
• rk ω (V ) = 1.
Proof: Let M ⊆ N ⊆ V be regular submodules representing a and b. By Proposition 3.1 there is a regular submodule
The continuity of L V
The goal of this section is to prove the following proposition.
The lattice L V is an indecomposable continuous geometry.
The proof will be given in a series of lemmas.
Lemma 4.1 L V is a complemented, modular lattice.
Proof: By Proposition 3.1 the lattice of regular submodules is complemented and modular. Then L V is a quotient lattice of it hence L V is also complemented and modular.
Proof: First we prove completeness. Let {b α } α∈I ⊆ L V be arbitrary collection of elements. Let {c β } β∈J ⊆ L V the collection of all finite unions of the b α 's. Let s = sup β∈J rk ω (c β ). If there exists a c β , β ∈ J such that rk ω (c β ) = s, then let M be a regular submodule such that [M] = c β , it is our candidate for the union of {b α } α∈I . Otherwise we construct M differently. Consider a sequence of regular submodules C n ⊆ V such that C 1 ⊆ C 2 ⊆ . . . and rk ω (C 1 ) < rk ω (C 2 ) < . . . . Also, suppose that [C n ] = c βn for some β n ∈ J and lim n→∞ rk ω [C n ] = s. Choose ǫ l > 0 in such a way that for any l ≥ 1,
Next we construct the regular submodules D l . If
for any l ≥ 1 and rk ω (M) = s. It is our candidate for the union of all b α for α ∈ I. First note that for any index α ∈ I; b α ≤ [M]. Indeed, suppose that for some α ∈ I,
However, there exists β ∈ J such that c It is enough to prove that
Choose α ∈ I and r ∈ L V such way that b α ∨ r = m and rk ω (r) < ǫ. By Proposition 3.2 we immediately obtain that
Hence (2) follows. The equality 
The von Neumann regular rings
T n where T n = T | An denote the components of T . Let R V denote the ring of regular homomorphisms.
Proposition 5.1 Let L ⊆ V be a regular submodule and T ∈ R V . Then both T (L) and Ker (T ) are regular submodules, moreover
Proof: Clearly T (L) and Ker (T ) are regular with components T n (L n ) and Ker (T n ). Moreover, rank D (T n (L n )) + rank D (Ker (T n )) = rank D (L n ) in each component. This proves the proposition.
Definition 5.2 A regular homomorphism is a nullhomomorphism if it's image is a nullmodule. Nullhomomorphisms form an ideal of R V , let R V denote the corresponding factor ring. For T ∈ R V let [T ] denote the class of T in R V .
Proposition 5.2 Let T, S ∈ R V with [T ] = [S] and let L ≃ M be regular submodules. Then T (L) ≃ S(M).
Proof: Regular homomorphisms map nullmodules to nullmodules by Proposition 5.1.
Hence for regular submodules A ≃ B we find that S(A) ≃ S(B) and T (A) ≃ T (B).
as we promised. Proof: The class of von Neumann regular rings is closed under homomorphic images and direct products. The endomorphism ring of each module A n is regular. Then R V is the direct product of these regular rings and R V is a homomorphic image of R V , hence they are both regular.
The continuity of R V
Proposition 6.1
The lattice of finitely generated right ideals of R V is isomorphic to the continuous geometry L V . Hence R V is an indecomposable, continuous von Neumann regular ring.
Proof: Let L be a regular submodule representing M and let P n ∈ Hom D (A n , A n ) be a projection onto the component L n . Then P = ∞ n=1 P n is a projection onto L, so it is idempotent and [P (V )] = M.
Lemma 6.2 Let A, B ∈ R V such that r(B) ≤ r(A). Then there exist regular homomorphisms T, S such that A = [T ], B = [S], and S(V ) ⊆ T (V ).

Proof: First let us choose arbitrary regular homomorphisms T, S
as regular submodules. By Proposition 3.1 we can choose regular submodules M, N such that
if and only if r(B) ≤ r(A).
Proof: If B ∈ AR V then obviously r(B) ≤ r(A). Conversely, if r(B) ≤ r(A) then by the previous lemma there exist regular homomorphisms S and T such that [T ] = A, [S] = B and S n (A n ) ⊆ T n (A n ) for all component. Hence in the matrix ring Hom D (A n , A n ) there exists an element Q n such that S n = T n Q n . Therefore B = AC, where C = [
By the lemmas above and the regularity of R V , the range function r provides a bijection between the finitely generated right ideals of R V and the lattice L V . It is easy to check that r is in fact a lattice-homomorphism. This finishes the proof of our proposition.
Sofic groups
In this section, we recall the notion of a sofic group [11] and prove Theorem 1.
Definition 7.1 We say that a countable group G is sofic if there exists a sequence of finite sets F n and maps ψ n : G → M(F n ) (M(F n ) denotes the semigroup of maps from F n onto itself ), satisfying the following conditions.
For any
The following proposition is from [11] , we prove it for the sake of completeness.
Proposition 7.1 If G is a countable amenable or a countable residually finite group then G is sofic.
Proof: First let G be a countable amenable group. Then by Folner's theorem there exists disjoint finite subsets
• |F 1 | < |F 2 | < |F 3 | < . . .
• For any g ∈ G, lim n→∞ |gFn∩Fn| |Fn| = 1 .
Let ψ n : G → M(F n ) be defined the following way. If x ∈ F n and gx ∈ F n then ψ n (g)(x) = gx. Otherwise, let ψ n (g)(x) = x . It is easy to see that the conditions of Definition 7.1 are satisfied. Now let G be a countable residually finite group and let
. Let F n = G/G n and ψ n (g) defined as the natural left action on G/G n . Then again, all the conditions of soficity are obviously satisfied.
In [2] we proved that class of sofic groups are closed to taking free products and amenable extensions. We also constructed a finitely generated sofic group which is not even residually amenable. Now let us finish the proof of our Theorem 1. Let V = ⊕ ∞ n=1 D(F n ), where D(F n ) is the free right module formally generated by the elements of F n . We shall construct an embedding T : D(G) → R V such that it's composition with the quotient homomorphism R V → R V is still injective. For p ∈ F n and and g ∈ G letT (g)p = φ n (g)(p) . This uniquely extends to a regular homomorphismT (g) ∈ R V . The second condition guarantees that for any pair
in R V . The only thing remains to be shown is that if S = {s 1 , s 2 , . . . , s m } ⊂ G and
Hence it is enough to prove that there exists β > 0 and n S ≥ 1 such that if k ≥ n S then |X| > β|F k |. It easily follows from the definition of soficity that if k ≥ n S for some n S > 0 depending only on S then there exists a set
• If p ∈ L k and T (s)(p) = T (t)(p) then s = t.
This proves our Theorem 1. 
The case of amenable groups
Let G be a countable amenable group. Let F 1 , F 2 , . . . be the finite subsets of Proposition 7.1. In the proof of Theorem 1 we defined
Then M(a) is regular submodule and by the amenability of G, M(a) ≃ V . Then T (a) acts on the elements of M(a) by left multiplication (in the group algebra V = D(G)).
Proof: If a ∈ D(G) is a non-zero divisor then rk ω (aM(a)) = rk ω (M(a)) = 1 by Proposition 5.1. Hence r(T (a)) = 1, and T (a) is invertible by Lemma 6.3. Note that the previous lemma is just Tamari's Theorem [9] (see also [8] ). It is noted in [8] that the extension C(G) → U(G) is flat if G is torsion-free elementary amenable. Now we prove the flatness result for our case. 
Betti numbers
First we recall, how one can define the l 2 -Betti numbers via the affiliated algebra [8] . Let K be a finite simplicial complex and K be a normal covering of K with covering group G. Then the simplicial cohomology complex of K can be viewed as a complex C of free modules over C(G) :
Here, i k is the number of k-simplices in K. Tensoring the above complex with the affiliated algebra U(G) (see Introduction) we obtain a differential complex of free U(G)-modules :
As it is pointed out in [8] , there exists a unique additive dimension function on the modules over U(G), hence we can define b • n k=1 (−1) k b k R(G) ( K) = e(K), the Euler characteristic of the finite simplex K.
We shall discuss some additional properties of the above Betti numbers in a subsequent paper.
